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We study the one-dimensional Fermionic Hubbard model with SU(N) spin symmetry in the
incommensurate filling case. The basic properties of Green’s function, momentum distribution
and tunneling density of states of the system at low temperature are studied in the frame work of
Luttinger liquid theory combined with Bethe Ansatz solutions for arbitrary interaction. In the strong
interacting case, the system enters the spin-incoherent regime at intermediate temperature Espin <
T  Ec and we obtain the Green’s function and tunneling density of states by generalizing the
path integral approach for the SU(2) case to the SU(N) case in this regime. The theoretical results
we obtained agree qualitatively with the experiments on the one-dimensional alkaline earth atomic
system with SU(N) spin symmetry. The similarities and difference between the one-dimensional
SU(N) Fermionic Hubbard system at large N and the one-dimensional spinless Bosonic system are
also investigated.
PACS numbers:
I. INTRODUCTION
Correlations have been one of the most important top-
ics in condensed matter physics in recent decades and
have resulted in a large number of exotic and fascinat-
ing phenomena. The correlation effects strongly depend
on dimensionality and become more significant in lower
dimensions in general. One remarkable example is the
breakdown of the famous Fermi liquid theory in one di-
mension1. The correlation in one dimension results in
collective excitations in interacting systems and the 1D
system has to be described by the Luttinger liquid the-
ory, according to which a series of exotic phenomena
emerge, such as charge-spin separation, collective exci-
tations, non-universal power law correlation etc1.
While the one-dimensional Fermionic systems with two
spin components have been widely studied both the-
oretically and experimentally1–10, the one-dimensional
Fermionic system with large spin and SU(N) symmetry
has been realized only in recently years in cold atom sys-
tems with alkaline-earth atoms11,12,15,16. Since the elec-
tronic angular momentum of the ground state of alkaline-
earth atoms is zero, there is no coupling between the nu-
clear spin I = 9/2 and the electron angular momentum
for such state. For the reason, the s-wave scattering of
the alkaline-earth atoms is independent of the nuclear
spin, which results in an SU(N) spin symmetry of the
alkaline-earth atom systems where N = 2I + 1 can be
as large as 1012,16. Such system is proposed to simu-
late a number of models with SU(N) symmetry, such as
the Kugel-Khomskii model, the Kondo lattice model, the
Heisenberg and Hubbard model12–14.
By trapping the alkaline-earth atoms into a one-
dimensional optical lattice and applying optical spin ma-
nipulation technique, a one-dimensional Fermionic sys-
tem with SU(N) symmetry with N varying from 1 to 10
was realized in experiments16. The role of the spin mul-
tiplicity in the correlated one-dimensional system was in-
vestigated by measuring the momentum distribution and
spectrum function for different N . The experiments re-
veal interesting properties for the system with large N ,
e.g., with the increase of N , the physical properties of
the one- dimensional Fermionic system approach the be-
havior of one-dimensional Bosonic systems16,17.
On the theoretical side, a number of sophisticated
techniques, such as Luttinger liquid theory1,5,6,18,19, con-
formal field theory20,23,24, Bethe Ansatz21,23,24,26, quan-
tum inverse-scattering technique (QIST) etc.28–30, have
been employed to study the physical properties of one-
dimensional Hubbard model. However, each of these
techniques reveals only one face of the system and is ap-
plicable only in certain conditions, e.g., the Luttinger
liquid theory is valid only for low energy physics and
small interaction, the conformal field theory is applica-
ble only in conformal invariant case, the solution of Bethe
Ansatz and quantum inverse-scattering technique is of-
ten too involved to extract physical information and only
very limited cases are solvable by these two methods.
For the reason, a complete and consistent picture of the
basic properties of the one-dimensional SU(N) Hubbard
model, such as the correlation function, the spectrum and
momentum distribution etc, at arbitrary interaction and
different temperature regimes is still lacking, especially
for the N > 2 case.
In this work, we study the basic properties of Green’s
function, momentum distribution and tunneling density
of states of the one-dimensional Fermionic SU(N) Hub-
bard model mainly in the framework of Luttinger liquid
theory combined with Bethe Ansatz solutions, and dis-
cuss supplemental approaches in the regime when these
two methods are not available. We focus on the incom-
mensurate filling case, i.e., ν 6= p/q where p and q are
coprime. In this case, the Umklapp processes are absent
and the back scatterings of the Hubbard interaction are
irrelevant. The system then stays in the metallic phase31
and the low energy physics of the one-dimensional in-
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2teracting system can be described by Luttinger liquid
theory. The properties of the system at low temperature
are determined by the Luttinger parameters Kα which
depends on the interaction. For weak interaction, the
Luttinger parameters Kα can be obtained in the contin-
uum limit from the Luttinger liquid theory. For strong
interaction, the Luttinger liquid theory is no longer valid
and we extract Kα from the Bethe Ansatz solutions for
arbitrary interaction. The two methods together give
a complete description of the system at low temperature
T  Espin. The theoretical results of the momentum dis-
tribution we obtained in this regime agree qualitatively
with the experiments16.
In the strong interacting case, the charge and spin
modes separate significantly and the system enters an
intermediate spin-incoherent regime as the temperature
increases to Espin  T  Ec. The charge mode in this
regime can still be described by a spinless Luttinger liq-
uid, however, the spin-part is disordered and the Lut-
tinger liquid description is no longer valid. We then
generalize the path integral approach of computing the
Green’s function for the SU(2) case in this regime in
Ref.5,6 to the SU(N) case in this work. The Green’s
function of the system decays exponentially in the spin-
incoherent regime instead of a power law in the Luttinger
liquid regime and the tunneling density of states diverges
at low energy in the former case instead of vanishing as
in the latter. The momentum distribution in the spin-
incoherent regime is however not available from the path
integral method in a general case. We then briefly dis-
cuss the special situation of infinite repulsion for which
the density matrix and so the momentum distribution
is exactly solvable from the quantum inverse-scattering
technique (QIST) in the spin-incoherent regime7,8,28–30.
We also discussed the similarity and difference be-
tween the one dimensional SU(N) Fermionic system with
large N and the one-dimensional spinless Bosonic system.
Though it was discovered that the ground state energy
of the two systems at N → ∞ is the same at the same
interaction and particle density17, indicating Bosonic be-
havior for the SU(N) Fermionic system at N →∞16, we
show that the single particle Green’s function and mo-
mentum distribution of the two systems are different due
to the different statistics they obey.
This paper is organized as follows: In section II, we
review the one-dimensional SU(N) Hubbard model and
the single particle Green’s function obtained in the Lut-
tinger liquid regime. In section III, we obtain the Lut-
tinger liquid parameter from the solution of Bethe Ansatz
for arbitrary interactions. In section IV, we calculate the
momentum distribution of the system in the Low temper-
ature Luttinger liquid regime 0 < T  Espin. The local
tunneling density of states in this regime is computed in
section V. In section VI, we study the properties of the
system in the spin-incoherent regime Espin < T  Ec.
We summarize in the last section VII.
II. THE SU(N) HUBBARD MODEL
A. Hamiltonian
We start with a brief review of the one-dimensional
Fermionic Hubbard model with N species of spin com-
ponents:19
H = −t
L∑
i=1
N∑
a=1
(c†iaci+1a+H.c.)+
U
2
L∑
i=1
(
N∑
a=1
nia
)2
(1)
where cia is the Fermionic operator satisfying the com-
mutation relation {cia, c†jb} = δabδij , i denotes the lattice
site and the spin index a = 1, . . . , N . The density oper-
ator nia ≡ c†iacia. The first term is the non-interacting
hopping term and the second term is the on-site Hubbard
interaction.
The Hamiltonian is invariant under the SU(N) trans-
formation of spin components: cia → Uabcib, where U is
any unitary N × N matrix satisfying U†U = 1. Other
than this SU(N) symmetry, there is an U(1) symmetry
cia → eiθcia, where θ is an arbitrary constant19. This
U(1) symmetry results in the conservation of the parti-
cle numbers of each spin species and each species has a
chemical potential µa. In this work, we only consider
the balanced case for which the chemical potential is the
same for the N species26 and the number of particles for
each species is the same.
The SU(N) symmetric Hubbard interaction can be
written as an generalized SU(N) spin-spin interaction
as19
U
2
(
N∑
a=1
nia
)2
= − UN
N + 1
SAi SAi +
U
2
N
N + 1
N∑
a=1
nia,
(2)
with
SAi = c†iaT Aabcib, A = 1, 2, ..., N2 − 1 (3)
being the N2 − 1 generators of the SU(N) group. The
N2 − 1 matrices T A satisfy the commutation relation:
[T A, T B ] = ifABCT C , (4)
where fABC is the structure constants of the SU(N) Lie
algebra.
For the one-dimensional system, the Fermi surface re-
duces to two Fermi points and the low energy physics is
determined by the processes near the two Fermi points.
One can then decompose the Fermion operators cia to the
left and right moving modes near the two Fermi points
in the continuum limit as
cia√
α
→ ψa(x) ∼ ψaReikF x + ψaLe−ikF x, (5)
where α is a short distance cutoff.
3The Hubbard interaction includes forward scatterings,
back scatterings and Umklapp processes upon this de-
composition. At commensurate fillings ν = p/q, p, q co-
prime, the Umklapp processes open a charge gap in the
system and result in a Mott insulator19. However, at in-
commensurate filling, the Umklapp processes are absent
due to momentum mismatch and the backscattering pro-
cesses are also irrelevant. In this case, the system remains
in the metallic phase and only the forward scatterings of
the interaction are important31. We then focus on this
metallic phase in this work.
It was shown19 that the Hamiltonian density of the
Hubbard Hamiltonian Eq.(1) with only forward scatter-
ing reduces to a charge part and a spin part as
H = Hc +Hs, (6)
Hc = pivc
N
(: ρ0Rρ0R : + : ρ0Lρ0L :) +Gc : ρ0Rρ0L :, (7)
Hs = 2pivs
N + 1
(: SA0RSA0R : + : SA0LSA0L :) +Gs : SA0RSA0L : .
(8)
where : ... : denotes normal ordering and
ρ0R(L) =
N∑
a=1
ρaR(L) =:
N∑
a=1
ψ†aR(L)ψaR(L) :, (9)
SA0R(L) = : ψ†aR(L)T AabψbR(L) : . (10)
The renormalized charge and spin mode velocities and
couplings are
vc = vF + (N − 1)Uα
2pi
, Gc = − N
N − 1Uα,
vs = vF − Uα
2pi
, Gs = −2Uα.
For repulsive interaction U > 0, the Gs term is
marginally irrelevant, we then ignore this term and study
the case G∗s = 0 in this paper.
B. Bosonization
The metallic phase of the one-dimensional system at
low temperature can be described by the Luttinger liquid
theory. The left and right mode ψar can be Bosonized
by the standard procedure:
ψar =
Uar√
2piα
ei(θa−rφa), (11)
where a = 1, ..., N , r = L,R, and Uar are Klein factors.
θa and φa are two Bosonic fields satisfying the commu-
tation relation:
[φa(x), φb(y)] = [θa(x), θb(y)] = 0,
[φa(x), ∂yθb(y)] = iδabδ(x− y). (12)
For a specific spin flavor a, : ψ†arψar : (x) =
− 12pi (∂xφa − r∂xθa) and the charge density ρa(x) =:∑
r ψ
†
arψar := − 1pi∂xφa. The Hamiltonian Eq.(6) includ-
ing the forward scatterings is quadratic in the Bosonic
fields θa and φa. However, the different a modes are
coupled. To get the normal modes of the Hamiltonian
Eq.(6), one can recombine theN species of bosonic modes
θa and φa to a charge mode and N − 1 spin modes as 19
Φc =
1√
N
(φ1 + φ2 + · · ·+ φN ), (13)
Θc =
1√
N
(θ1 + θ2 + · · ·+ θN ), (14)
Φms =
1√
m(m+ 1)
(φ1 + · · ·+ φm −mφm+1), (15)
Θms =
1√
m(m+ 1)
(θ1 + · · ·+ θm −mθm+1). (16)
where m = 1, 2, ..., N − 1. The N − 1 spin modes corre-
spond to the trace of the N − 1 Cartan generators of the
SU(N) group32. The above defined Φc,Φms and Θc,Θms
satisfy the similar commutation relation Eq.(12).
The Hamiltonian density Eq.(6) is diagonalized in
terms of the above defined charge and spin modes as:
H = H∗c +H∗s , (17)
H∗c =
uc
2pi
[
1
Kc
(∂xΦc)
2 +Kc(∂xΘc)
2
]
, (18)
H∗s =
us
2pi
N−1∑
m=1
[(∂xΦms)
2 + (∂xΘms)
2], (19)
where the Luttinger liquid parameter Kc and the renor-
malized velocity of the charge mode in the continuum
limit is respectively
Kc =
1√
1 + (N − 1)Uα/pivF
, (20)
uc = vF
√
1 + (N − 1)Uα/pivF (21)
and us = vF at G
∗
s = 0. The corresponding Luttinger
liquid parameter for the spin modes is Ks = 1 due to the
SU(N) symmetry of the interaction.
C. Green’s Function
With the diagonaized Hamiltonian Eq.(17), one can
obtain the single particle Green’s function in a straight-
forward way. The single particle Green’s function is de-
fined as
Gab(x, τ) = −〈Tˆ [ψa(x, τ)ψ†b(0, 0)]〉
= eikF x〈e−i[θa(x,τ)−θb(0,0)−φa(x,τ)+φb(0,0)]〉
+e−ikF x〈e−i[θa(x,τ)−θb(0,0)+φa(x,τ)−φb(0,0)]〉,
(22)
4where τ is the imaginary time and Tˆ labels time-ordering.
Since the interaction mixes the left and right mode ψaL
and ψaR, the mode θa − rφa corresponding to ψar is not
the physical left and right mode. However, we can obtain
the physical left and right moving modes for the charge
and spin modes of the diagonalized Hamiltonian Eq.(17)
as
Φ˜cR = Φc −Kcθc, (23)
Φ˜cL = Φc +Kcθc, (24)
Φ˜msR = Φms −Ksθms, (25)
Φ˜msL = Φms +Ksθms. (26)
The above defined modes Φ˜R(L) are physically right
(left) moving modes satisfying the equation of motion
∂ρ˜R,L
∂t = ∓u∂xρ˜R,L, where ρ˜R,L = ± 12pi∂xΦ˜R,L and u is
the velocity of the corresponding charge or spin mode.
The Green’s functions of these modes contain factors of
only x+ iuτ or x− iuτ as1
〈ei(Φ˜cr(x,τ)−Φ˜cr(0,0))〉 =
(
piα
βuc
sinh piβ (
x
uc
− irτ)
)Kc
,
〈ei(Φ˜msr(x,τ)−Φ˜msr(0,0))〉 =
(
piα
βus
sinh piβ (
x
us
− irτ)
)Ks
,
(27)
where r = 1 for right moving mode and−1 for left moving
mode. The correlation between different Φ˜ modes and Θ˜
modes vanishes since these modes decouple.
To obtain the Green’s function of Eq.(22), we decom-
pose the φa mode to the physically left and right moving
modes Φ˜R,L. The inverse relationship between φa and
Φc,Φms is
φ1(x, τ) =
1√
N
Φc +
N−1∑
m=1
1√
m(m− 1)Φms,
φa(x, τ) =
1√
N
Φc −
√
a− 1
a
Φa−1s
+
N−1∑
m=a
1√
m(m− 1)Φms,
(a = 2, ...N − 1)
φN (x, τ) =
1√
N
Φc −
√
N − 1
N
ΦN−1s, (28)
and the same relationship holds between θa and Θc,Θms.
The relationship between φa, θa and the physically left
and right moving modes can be obtained by replacing
Φc,Φms and Θc,Θms in Eqs. (28) by
Φc = (Φ˜cR + Φ˜cL)/2,
Φms = (Φ˜msR + Φ˜msL)/2,
Θc = (Φ˜cL − Φ˜cR)/2Kc,
Θms = (Φ˜msL − Φ˜msR)/2Ks. (29)
Since 〈ei(
∑
j AjΦ˜(rj)〉 is non-vanishing only when∑
j Aj = 0,
1 the Green’s function Gab(x, τ) is non-
vanishing only when a = b, i.e., the single-particle cor-
relation is zero between different spin species. From
Eq.(22), Eq.(27), Eq.(28) and Eq.(29), we obtain the
single-particle Green’s function in the Luttinger liquid
regime 0 < T  Espin as
Gab(x, τ) = δab[
( piαβuc )
2
sinh piβ (
x
uc
+ iτ) sinh piβ (
x
uc
− iτ)
] (1−Kc)2
4NKc
×( piαβuc
sinh piβ (
x
uc
+ iτ)
) 1
N
(
piα
βus
sinh piβ (
x
us
+ iτ)
)1− 1N
e−ikF x
+
(
piα
βuc
sinh piβ (
x
uc
− iτ)
) 1
N
(
piα
βus
sinh piβ (
x
us
− iτ)
)1− 1N
eikF x
 .
(30)
At T → 0, the above correlation function reduces to
the one obtained in Ref19 as
Gab(x, τ) = δab
(
α2
x2 + u2cτ
2
) (1−Kc)2
4NKc
[(
α
x+ iucτ
) 1
N
(
α
x+ iusτ
)1− 1N
e−ikF x
+
(
α
x− iucτ
) 1
N
(
α
x− iusτ
)1− 1N
eikF x
]
.
(31)
The single-particle Green’s function is the same for dif-
ferent species a due to the SU(N) spin symmetry.
III. LUTTINGER LIQUID PARAMETERS
The Luttinger parameter Kc plays an essential role in
the physical properties of the system. For weak inter-
action U  t, the Luttinger liquid description in the
continuum limit is valid and the Luttinger parameter Kc
is approximately given in Eq.(20). For strong interac-
tion U ≥ t, the Luttinger liquid description of the low
energy physics of the system is not strictly valid. The
accepted view is that the effect of strong interaction still
corresponds to a renormalization of the Luttinger pa-
rameters Kc and uc as well as the spin velocity us
19,27,
which however is different from Eq.(20). These parame-
ters completely characterize the low energy properties of
the metallic phase and can be obtained from the Bethe
Ansatz solution in the strong interaction case. Though
the one-dimensional SU(N) Hubbard model on a lattice is
not exactly solvable by Bethe-Ansatz for N > 2 or when
scattering processes with three or more Fermions on one
5site take place19,24, in the metallic phase with small den-
sities or large interaction U , the three or more particle
scattering processes are negligible and the Bethe Ansatz
equations describe the system reasonable well. Actually,
in the latter case, the metallic phase of the 1D SU(N)
Hubbard model reduces to a 1D Fermionic gas with δ in-
teraction which again is solvable by Bethe-Ansatz3,25,26.
For this purpose, the Luttinger parameter Kc can be
related to the compressibility of the system by the rela-
tionship1
κ = − 1
L
∂L
∂P
=
1
ρ¯2c
∂〈ρ(x)〉
∂µ
=
1
ρ¯2c
NKc
piuc
, (32)
i.e.,
κ−1 =
1
L
∂2E
∂〈ρ(x)〉2 = ρ¯
2
c
piuc
NKc
, (33)
where ρ(x) = ρ¯c + ρ0(x) = ρ¯c − 1pi
∑
a ∂xφa is the local
number density of the system, ρ¯c = 〈ρ(x)〉 = NkF /pi is
the average number density of the whole chain, and E
is the ground state energy per unit length which can be
obtained from the Bethe Ansatz solution26.
The velocity of the charge mode uc can be expressed
as21,23,24
uc =
1
2pinc(kF )
′c(kF ). (34)
Here nc(k) is the charge/particle distribution function
with momentum k, and c(k) is the dressed energy of
the interacting system defining the energy bands of the
system21,23,24. Both nc(k) and c(k) satisfies a set of cou-
pled Bethe Ansatz integral equations and can be solved
numerically24. Combining Eq.(33) and (34), the Lut-
tinger parameter Kc can then be obtained numerically
from the Bethe Ansatz solution.
It was also discovered from the Bethe Ansatz equations
that at zero magnetic field the compressibility is related
to the dressed charge zc as
23
z2c = piucρ¯
2
cκ = NKc, (35)
where the dressed charge zc characterizes the number of
electrons added near the Fermi surface due to a change
in the total density ρ¯c and is defined as
23
zc ≡ ξc(z0) = 1
2nc(kF )
∂ρ¯c
∂kF
(36)
with z0 ≡ sin kF /U˜ and U˜ ≡ U/t. The function ξc(z)
satisfies the following integral equation at zero magnetic
field24
ξc(z) = 1 +
1
2pi
∫ z0
−z0
dyξc(y)GN (z − y; 1) (37)
with
GN (x1;x2) =
1
Nx2
Re[ψ(1 + i
x1
2Nx2
)− ψ( 1
N
+ i
x1
2Nx2
)],
(38)
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FIG. 1: The Luttinger liquid parameter Kc as a function
of interaction U˜ and charge density (which determines kF )
for different N . The solid lines are plots from Eq.(20) and
the dashed lines with circles are results from Bethe-Ansatz
Eq.(37).
where ψ(x) is the digamma function.
The above Eq.(37) can be solved numerically for arbi-
trary z0, i.e., arbitrary interaction U and charge density
ρ¯c, from which we can then get the Luttinger parameter
Kc for arbitrary interaction and particle density. Figure 1
shows the Luttinger liquid parameter Kc as a function
of 1/z0 = U˜/sinkF for different N obtained by solving
Eq.(37) numerically. One can see that at weak interac-
tions, the results from the Bethe-Ansatz agree with the
ones from Luttinger liquid theory Eq.(20), whereas at
strong interaction, the results from the Bethe-Ansatz de-
viate obviously from Eq.(20).
At small z0  1, i.e., strong interaction U , the solution
of zc can be obtained by iteration of Eq.(37) as
zc ≈ 1 + z0[GN (0; 1)]/pi = 1 + z0[γ+ψ(1/N)]/Npi, (39)
where γ is the Euler constant. We then see that at U →
∞, z0 → 0, zc → 1 and the Luttinger parameter Kc →
1/N as shown in Fig.1.
At large z0  N , a perturbative scheme based on the
Wiener-Hopf method can be applied to Eq.(37) and24
zc ≈
√
N(1− N − 1
2piz0
). (40)
We see that at U → 0, z0 →∞, zc →
√
N , the Luttinger
parameter Kc then reduces to the non-interacting case
Kc = 1 as also shown in Fig.1.
IV. MOMENTUM DISTRIBUTION
One of the measurable observables which reveals the
correlation of the system is the momentum distribution
6nc(k) of particles. It can be measured in cold atom exper-
iments by extinguishing the trapping light and imaging
the atomic cloud after a ballistic expansion16. In a recent
experiment on the one dimensional Y b173 atoms, the mo-
mentum distribution of a one-dimensional system with
SU(N) spin symmetry was measured for different N16.
In this section, we compute the momentum distribution
of the SU(N) Luttinger liquid at low temperature, i.e.,
the Luttinger liquid regime 0 < T  Espin, and compare
the results with the experiments16. The spin-incoherent
case at intermediate temperature Espin  T  Ec will
be discussed in a later section.
The momentum distribution can be expressed in terms
of the time-ordered Green’s function as
nc(k) =
∑
a
∫ ∞
−∞
dxGaa(x, τ → 0−)e−ikx. (41)
In the Luttinger liquid regime 0 < T  Espin, the
temperature dependence of the momentum distribution
is weak and we can take the limit T → 0. The momentum
distribution is then obtained as
nc(k) = nR(k) + nL(k) (42)
where the left and right branches satisfies nL(k) =
nR(−k). We then only need to calculate the right branch:
nR(k) = Nα
K˜(2α)−
K˜
2 − 12 |k − kF | K˜2 − 12
×{θ(k − kF ) 1
Γ( K˜2 )
W− 12 ,− K˜2
[2α(k − kF )]
+θ(−k + kF ) 1
Γ( K˜2 + 1)
W 1
2 ,− K˜2
[−2α(k − kF )]},
(43)
where K˜ ≡ 12NKc (Kc−1)2 varies from 0 to 1/2 for the in-
teraction U changing from 0 to ∞, and Wλ,µ(z) is Whit-
taker function:
Wλ,µ(z) =
Γ(−2µ)
Γ( 12 − µ− λ)
Mλ,µ(z)
+
Γ(2µ)
Γ( 12 + µ− λ)
Mλ,−µ(z).
(44)
Mλ,µ(z) can be written in terms of the confluent Hyper-
geometric function Φ(a, b, z):
Mλ,µ(z) = z
µ+ 12 e−
z
2 Φ(µ− λ+ 1
2
, 2µ+ 1, z),
Mλ,−µ(z) = z−µ+
1
2 e−
z
2 Φ(−µ− λ+ 1
2
, −2µ+ 1, z).
(45)
The momentum distribution per spin species n˜R(k) ≡
nR(k)/N for a typical case with U˜ = 5, sin kF = 0.9 from
Eq.(43) is shown in Fig. 2.
0 1 2 3 4 50.25
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FIG. 2: The momentum distribution per spin species n˜R(k) ≡
nR(k)/N for a typical case with U˜ = 5, sin kF = 0.9. The
inset shows the zoomed-in picture of the dashed area near
the Fermi momentum kF .
Expanding the expression in Eq.(43) near the Fermi
points, we get near k = kF , the momentum distribution
of the right branch is
nR(k) =
N
K˜
1
B( 12 ,
K˜
2 )
+
NαK˜
K˜
Γ(1− K˜) sin(piK˜2 )
pi
sgn(k − kF )|k − kF |K˜ .
(46)
In the non-interacting case, Kc = 1, K˜ = 0, the mo-
mentum distribution nR(k) reduces to
nR(k) =
N
2
[1− sgn(k − kF )], (47)
which shows a sharp Fermi surface at k = kF .
In the finite interaction case, we obtain 0 < K˜ ≤ 1/2
for the interaction varying from 0 to ∞ from the analy-
sis of the last section. The momentum distribution in
Eq.(46) then becomes continuous at k = kF and the
Fermi surface disappears at T = 0 as shown in Fig.2.
This indicates the breakdown of single particle excita-
tions in one dimensional interacting systems and all the
excitations are collective in such systems.
The momentum distribution has a power law singular-
ity as constant+|k − kF |K˜ sgn(k − kF ) at k = kF . The
Luttinger liquid parameter Kc decreases with increasing
N at fixed interaction and density as shown in Fig.1 so
the power index K˜ ≡ 12NKc (Kc−1)2 increases with N at
fixed interaction and density. The momentum distribu-
tion nR(k) then becomes more and more broadened with
the increase of N for fixed interaction as shown in Fig.2.
This is consistent with the experimental observations
7in the one-dimensional alkaline-earth atomic systems in
Ref.16, and also indicates that the one-dimensional inter-
acting Fermionic system deviates more and more from a
Fermi liquid with the increase of N .
Interestingly, it was pointed out that the ground state
energy per particle for an N -component one-dimensional
Fermionic system with N →∞ is the same as for a one-
dimensional spinless Bosonic system with the same repul-
sive δ-interaction and total number density17 in the limit
of large number density, indicating Bosonic behavior for
the multi-component Fermionic system with N → ∞,
which was observed in experiments16. However, we note
here that the single-particle Green’s function and so the
momentum distribution for the two systems are not the
same due to the different statistics they obey. This is
clear by a direct comparison of Eq.(31) in the N → ∞
limit with the single-particle Green’s function of a one-
dimensional spinless Bosonic system with the same re-
pulsive interaction, which is1
〈ψ†B(r)ψB(0)〉 ∼
(α
r
) 1
2KB . (48)
Here r = (x, uτ) and KB is the Luttinger liquid parame-
ters for the one-dimensional spinless Bosonic system. For
local repulsive interaction U , KB is +∞ at U = 0, indi-
cating a long range order due to Bose condensation. At
finite repulsion, KB is finite and decreases with the in-
crease of U , until at U →∞, KB approaches 11. We then
see that at fixed interaction, the single particle Green’s
function for the one-dimensional spinless Bosonic system
and N-component Fermionic system with N →∞ is not
the same. The latter always decays faster than the for-
mer with the same interaction. For example, at U →∞,
the Green’s function for the spinless Bosonic system be-
haves as (1/r)
1
2 whereas the Green’s function for the N-
component Fermionic system behaves approximately as
∼ (1/r)1+(1−1/N)2/2, which always decays faster than the
spinless Bosonic system.
V. SPECTRUM FUNCTION AND TUNNELING
DENSITY OF STATES
Another important physical observable is the spectrum
function A(k, ω) = −2ImGR(k, ω) which is related to the
local tunneling density of states (DOS) as
ρ(ω) = −
∑
a
Im
∫
dt
pi
eiωt GRa (x = 0, t) =
1
L
∑
k,a
Aa(k, ω).
(49)
The retarded Green’s function GRa (x = 0, t) can be ob-
tained from the time-ordered single-particle Green’s func-
tion Ga(x = 0, t) by the relationship
GRa (x = 0, t) = iθ(t)[Ga(x = 0, t)−G∗a(x = 0,−t)]
= −2θ(t)Im Ga(x = 0, t) (50)
where G∗a(x = 0,−t) is the complex conjugate of Ga(x =
0,−t) and the real time Green’s function can be obtained
from the imaginary time Green’s function by the Wick
rotation τ = it+  sgn(t).
In the Luttinger liquid regime, one can take the limit
T → 0 since T  Espin  Ec. The tunneling DOS for
the a species is then
ρa(ω) = ρaL(ω) + ρaR(ω),
ρaL(ω) =
iαK˜
2pi
∫ ∞
−∞
dteiωt
[
1
−(uct− i)2
] 1
2 K˜
×
(
1
−uct+ i
) 1
N
(
1
−ust+ i
)1− 1N
,
ρaR(ω) = ρaL(ω), (51)
where ρaL(ω) and ρaR(ω) are the contributions from the
left and right branch of the Green’s function respectively.
From the following equation∫ ∞
−∞
(b+ ix)−νe−ipxdx = θ(−p)2pi(−p)
ν−1ebp
Γ(ν)
,
[Re ν > 0, Re b > 0],
(52)
we then get the tunneling DOS at low temperature
kBT < ω as
ρ(ω) =
NαK˜
Γ(K˜ + 1)
1
u
K˜+ 1N
c u
1− 1N
s
|ω|K˜ . (53)
The local tunneling DOS is a power law of energy with
power index K˜ = 12NKc (Kc − 1)2, which increases with
the increase of N and the interaction, and is measur-
able in experiments, such as the tunneling conductance
in Ref.10 We see that in the Luttinger liquid regime, the
power index K˜ of the tunneling DOS is always positive
in the interacting case Kc < 1, resulting in a suppression
of the tunneling DOS at low energy1,33,34, whereas in the
non-interacting case, ρ(ω) remains a constant. This sup-
pression of the DOS in the Luttinger liquid is a manifes-
tation of the orthogonality catastrophe effect due to the
interaction1,6,33,34. We will see that when the tempera-
ture increases and the system enters the spin-incoherent
regime Espin  T  Ec, this result will change signifi-
cantly.
VI. SPIN-INCOHERENT REGIME
In the strong interacting limit, the charge mode veloc-
ity uc of the one-dimensional interacting system is much
faster than the velocity of the spin mode us. There then
exists a spin-incoherent regime vskF = Espin < T <
Ec = vckF where the charge mode can still be described
by the Luttinger liquid theory, however, the Luttinger
liquid description of the spin degrees of freedom is no
longer valid5–8.
The correlation function in this regime does not de-
pend on the spin part of the Hamiltonian since the
spin Hamiltonian Hs drops from the partition function
8Z ≡ Tr[e−βH ] at Espin  T 5,6. The spin configura-
tion in this regime is completely disordered due to the
thermal excitations, whereas the charge part can still be
described by the Luttinger liquid Hamiltonian Eq.(17).
The asymptotic behavior of the single-particle Green’s
function in the spin-incoherent regime can be easily ob-
tained by generalizing the SU(2) case in Ref5,6 to the
SU(N) case here.
Since the charge and spin parts are separated and the
spin Hamiltonian drops from the partition function, it’s
convenient to define a spinless charge mode correspond-
ing to the total charge or particle number of the system
as
Φ =
∑
a
φa =
√
NΦc, (54)
Θ =
∑
a
θa/N = Θc/
√
N, (55)
which satisfy the commutation relation
[Φ(x1),∇Θ(x2)] = ipiδ(x1 − x2). The total charge
density of the system is then
ρ(x) = ρ¯c − 1
pi
∂xΦ, (56)
where ρ¯c = NkF /pi is the average charge or particle
density. The Hamiltonian density of the charge part of
Eq.(17) becomes
Hc = uc
2pi
[
1
NKc
(∂xΦ)
2 +NKc(∂xΘ)
2
]
, (57)
in terms of Φ and Θ.
The single-particle Green’s function Ga(x, τ) =
−〈Tˆ [ψa(x, τ)ψ†a(0, 0)]〉 describes the probability of a par-
ticle inserted at (0, 0) propagating to (x, τ) and anni-
hilated. It can be expressed as a path integral over all
possible path from the initial position in space-time (0, 0)
to the final position (x, τ) as
Ga(x, τ) =
1
Z
Tr[e−βHψa(x, τ)ψ†a(0, 0)]
=
1
Z
∫
Dψ e−SEψa(x, τ)ψ†a(0, 0), (58)
where the partition function Z =
∫ Dψ e−SE is a path
integral over the probability of all the paths.
In the spin-incoherent regime, the crossing of two parti-
cles is almost prohibited since the crossing time∼ 1/Espin
is much larger than the typical thermal coherence time
β = 1/kBT
5,6. For large distance (x, τ), the most proba-
ble process to insert a particle with spin species a at (0, 0)
and remove it at (x, τ) is through permutation of identi-
cal neighboring particles one by one from (0, 0) to (x, τ),
as shown in Fig.3(a). The path of the particle propagat-
ing from (0, 0) to (x, τ) is then equivalent to a continuous
world-line wrapping around the periodic imaginary time
axis as shown in Fig.3(b) (see also Fig.2 of Ref6). Such a
process requires that all the particles permuted with the
initial one have the same spin species. The topology of
the paths in Fig.3(a) is then identical to that of spinless
fermions5,6.
The weight for the path of Fig.3(a) then includes the
following contributions5,6: one is the Euclidean action
factor e−SE corresponding to the spinless charge Hamil-
tonian Eq.(57) for each path; the other is a statistical
factor N−l(x,τ) coming from the requirement that all the
particles between (0, 0) and (x, τ) have the same spin
component, where l(x, τ) is the number of particles in
between (0, 0) and (x, τ). Other than this, there is a fac-
tor (−1)l(x,τ) coming from the permutation of Fermions
in between (0, 0) and (x, τ). The single-particle Green’s
function in the spin-incoherent regime for large τ is then
approximately5,6
Ga(x, τ) ∼
∞∑
m=−∞
δ(m− l(x, τ))〈N−l(x,τ)
(−1)l(x,τ)ei(Θ(x,τ)−Θ(0,0))〉, (59)
where ei(Θ(x,τ)−Θ(0,0)) creates a particle at (0, 0) and an-
nihilates it at (x, τ), and the average is done with respect
to the charge Hamiltonian Eq.(57).
The number of particles between the initial and final
position is related to the spinless charge mode as
l(x, τ) = ρ¯cx− 1
pi
(Φ(x, τ)− Φ(0, 0)). (60)
In the limit of large x, l(x, τ) is large and one can turn
the sum in the above equation to an integral over m and
get
Ga(x, τ) ∼ 〈N−l(x,τ)(−1)l(x,τ)ei(Θ(x,τ)−Θ(0,0))〉,
(61)
where (−1)l(x,τ) = Re[eipil(x,τ)] = eipil(x,τ)+e−ipil(x,τ)2 .
i f
x
τ
（b）
....
xi xf（a）
FIG. 3: (a)The most probable process for a Fermion prop-
agating from the initial position to the final position in the
spin-incoherent regime is through permutation with identical
neighboring particles. (b)The corresponding worldline for the
process in (a) wraps around the imaginary time axis from the
initial to final position. The circumference of the imaginary
time axis is β = 1/T .
9Denoting Φ˜ = Φ(x, τ) − Φ(0, 0) and Θ˜ = Θ(x, τ) −
Θ(0, 0), and applying the correlation function 〈Φ˜2〉 =
NKc
2 ln(x
2 + u2cτ
2), 〈Θ˜2〉 = 12NKc ln(x2 + u2cτ2), and
〈Φ˜Θ˜〉 = 12 lnucτ−ixucτ+ix for the spinless charge mode Hamil-
tonian Eq.(57), the single-particle Green’s function
Ga(x, τ) in the spin-incoherent regime is then
Ga(x, τ) ∼ e−NkF xlnN/pi
〈(eiNkF x−i(1+ilnN/pi)(Φ(x,τ)−Φ(0,0)) + h.c.)
ei(Θ(x,τ)−Θ(0,0))〉,
∼ e
−NkF x lnNpi
(x2 + u2cτ
2)∆c
×
(
ei(NkF x−φ
+
c )
ucτ − ix +
e−i(NkF x−φ
−
c )
ucτ + ix
)
, (62)
where the power index
∆c =
1
4
NKc
[
1−
(
lnN
pi
)2]
+
1
4NKc
− 1
2
, (63)
and the phase
φ±c =
lnN
pi
[
1
2
NKc ln(x
2 + u2cτ
2)± 1
2
ln
(
ucτ − ix
ucτ + ix
)]
.
(64)
For the case N = 2, the above results reduce to the SU(2)
case with S = 1/2 in Ref5,6.
From Eq.(62), we see that the Green’s function in
the spin-incoherent regime decays exponentially with dis-
tance due to the disordered configuration of spins. There
is also an oscillating phase factor in the correlation func-
tion coming from the propagation of the charge mode,
however, the wave vector is NkF instead of kF as in
the Luttinger liquid regime. The spectrum function at
low frequency in the spin-incoherent regime then show a
center at ω = uc(q ± NkF ) which is completely broad-
ened with width ∼ NKF lnN . In contrast, in the Lut-
tinger liquid regime, the spectrum function shows peaks
at ω = uc(q ± kF ) with power law singularity1.
The Green’s function obtained in Eq.(62) is valid for
large x in the spin-incoherent regime. To obtain the tun-
neling DOS in this regime, one needs to calculate the
Green’s function at x → 0. The expression Eq.(59) is
still valid for small x and large τ in the spin-incoherent
regime, but the sum in Eq.(59) can no longer turn into
an integral. Following the sum rule in Ref6 for small x,
we get the single particle Green’s function at x→ 0 as
Ga(0, τ) ∼
√
pi
2〈Φ˜2〉e
−〈Θ˜2〉/2 ∼ τ− 12NKc
√
pi
2NKcln(ucτ)
.
(65)
The tunneling density of states in the spin-incoherent
regime is then
ρ(ω) ∼ ω 12NKc−1/
√
|ln ω|. (66)
For the short range Hubbard interaction, 1/N ≤ Kc ≤ 1
as presented in Section III. The tunneling DOS then di-
verges at ω → 0 for any interaction and any N in the
spin-incoherent regime. This is in contrast to the Lut-
tinger liquid regime where the tunneling DOS goes to
zero at ω → 0 as shown in the last section. The rea-
son is due to the large number of excited spin modes in
the spin-incoherent regime which beats the orthogonality
catastrophe coming from the charge degrees of freedom6.
It’s interesting to note from Eq.(39) and Eq.(40) that
the power index of ρ(ω) in Eq.(66) increases with the in-
crease of N at strong interaction so the tunneling DOS
is less and less singular at larger N , whereas it decreases
with the increase of N at weak interaction so the tunnel-
ing DOS is more and more singular with the increase of N
in this case. In contrast, in the Luttinger liquid regime,
the power index K˜ of the tunneling density of states in-
creases with increasing N at both weak and strong inter-
action.
The above scheme to obtain the Green’s function in the
spin-incoherent regime is valid only for large τ  x/u in
principle. To compute the momentum distribution in the
spin-incoherent regime, one needs the Green’s function at
τ → 0 and arbitrary x, i.e., the density matrix ρa(x) =
〈ψ†a(x)ψa(0)〉 for any x, which is however not available
from the current scheme. The momentum distribution
in the spin-incoherent regime then remains a challenge
in a general case.
One special situation is when the local repulsion U goes
to infinity. In this case, the exact eigenfunctions of the
system from the Bethe Ansatz solution factorizes into a
charge part similar to the wave function of noninteracting
spinless fermions and a spin part which corresponds to
the eigenstates of isotropic Heisenberg chain7,8,22. In the
spin-incoherent regime, the spin part is disordered and
all the spin configurations have the same possibility. This
greatly simplifies the density matrix, and an exact solu-
tion of which is accessible by expressing the density ma-
trix in terms of a Fredholm determinant8. Cheianov et al
obtained the Green’s function and density matrix in the
spin-incoherent regime at infinite repulsion for N = 2 8,28
by computing the Fredholm determinant. The momen-
tum distribution in the spin-incoherent regime at U →∞
was then reconstructed numerically from the exact solu-
tion of the density matrix8. The power law singularity of
the momentum distribution near k = kF in the Luttinger
liquid regime disappears in the spin-incoherent regime
due to the exponential decay of the Green’s function8.
The method by Cheianov et al8 can be directly general-
ized to the spin-incoherent regime of the SU(N) case at
U →∞. However, due to the involved mathematics, we
will leave it for a future study.
VII. CONCLUSIONS
In conclusion, we studied the one-dimensional SU(N)
Fermionic Hubbard model with N spin species in the
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frame work of Luttinger liquid theory supplemented by
the solutions of Bethe Ansatz equations. We focus on the
metallic phase of the system, i.e., with incommensurate
fillings. The Green’s function, the momentum distribu-
tion and the tunneling density of states of the system
are calculated in the Luttinger liquid regime T  Espin
and the Luttinger liquid parameter is determined from
the Bethe Ansatz equations for arbitrary interaction.
The theoretical results we obtained agree qualitatively
with the recent experiments on one-dimensional SU(N)
Fermionic Hubbard model in alkaline earth atoms.
We also studied the Green’s function and tunneling
density of states of spin-incoherent regime with Espin 
T  Ec, which demonstrate significant difference from
the Luttinger liquid regime. The Green’s function decays
exponentially with distance in the spin-incoherent regime
instead of a power law in the Luttinger liquid regime and
the tunneling density of state diverges at low energy in
the former instead of vanishing in the latter. The mo-
mentum distribution in the spin-incoherent regime, how-
ever, remains a challenge in a general case of arbitrary
interaction.
We compared the one-dimensional SU(N) Fermionic
Hubbard model at large N with the one-dimensional
spinless Bosoinic Hubbard model. Though the ground
state energy of the Fermionic system at N → ∞ is the
same as the spinless Bosonic system with the same inter-
action and particle density, indicating Bosonic behaviors
of the SU(N) Fermionic system at large N , the single-
particle Green’s function and the momentum distribution
of the two systems are not the same due to the different
statistics they obey.
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